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INTRODUCTION 
A. P. Guinand [l] has shown that for appropriate infinite sequences (a,>, 
6%.>9 (48 > 01, real and positive for all n) the relation 
g(*)=pf($) XfO 
n=l x 
implies 
f(x) = -pg (5). 
1 
This suggests the question: Does there exist a transformation similar to (1) 
in which we have a finite sum only? The following example 
&> = ;&) 
x#O 
f(x) = ;R (i) 
(2) 
shows that a reciprocal transformation with one term exists-but does there 
exist reciprocities with two or more terms. ? It turns out that no such trans- 
formation exists in which the (Y,, are all real and positive, but if we permit 
the CX~ to have negative or complex values then such transformations can be 
found. 
Furthermore, in every example that the author has been able to construct 
the set of values of 01, lies on a circle with center at the origin. This suggests 
that if we increase the numbers of the terms in the sequence then there may 
* The contents of this paper constituted a portion of the author’s doctoral disserta- 
tion at the University of Saskatchewan. 
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exist functions Ai(e) defined in 0 < B < 27~ such that for some classes of 
functions f(z), the relation 
&) = ; Sf k,(B) f (g de 
implies (3) 
f(z) = ;jzm k,(B)g (fJ de. 
0 
Alternatively, if we put 
kl(0) = k(e@)ieie and 
then the reciprocity (3) can be expressed in the form: 
dd = j,w,=lkW)f (4 dw 
(4 
f(z) = j,,,-, k(wz)g(w) dw. 
The analogy with general Watson transformations is obvious. The form of 
the reciprocity (4) differs from that of a Watson transformation only in that 
the path of integration is a circle instead of the real positive axis. Conse- 
quently, I have called these functions k(z) and the reciprocity (4) “Circular 
Kernels” and “Circular Transformations.” We will consider functions f(z) 
regular inside of an open annulus Y < ) z ) < R with 0 < Y < 1 < R. This 
class of functions will be named A(Y, R). 
In Section 1, some properties of the circular kernels are stated. In Section 2, 
a representation theorem for the transformation (4) is given. In Section 3, 
the circular transformations with one simple pole are investigated in Section 4 
kernels with two simple poles are investigated. In Section 5 circular kernels 
with n-poles are shown to exist. 
1. PROPERTIES OF CIRCULAR KERNELS 
(a) A circular kernel cannot be regular on 1 z I = 1. 
Assume the contrary. That is, suppose that k(z) is regular on 1 z ( = 1. 
Let f(z) be a function that belongs to Jr, R). Then k(z) and f(z) can be 
represented as follows: 
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for all z such that Y < / z j C. R with Y < 1 < R. Then we expect that if 
g(z) == 1 f’(WP(W4 dw, jzI= 1, (1.1) 
then 
1 = 1. (1.2) 
1.1) we formally obtain If we substitute the Laurent expansion of K(z) in ( 
g(Z) = j,,,=,fO dw 2 c,,w"zn = 2 cnzn j w*f (w) dw. -cc -m lwl=1 
The change of the summation and integration processes is justified since by 
the Laurent theorem the series 
-gf (W)C,WnZn 
-cc 
is uniformly convergent on ( w 1 = 1 if r < y1 < 1 wz ) < RI < R, that is 
if rr < 1 z 1 < R, . Next, 
with 
2rria-,-, = .r 
w”‘(w) dw. 
Iwl=1 
If we apply the same method to Eq. (1.2) we formally obtain 
f(z) = j, w,=I&4 dw8cnwnzn dw = z wn j,u,=lg(w)w” dw 
The formalities can be justified as above since the series C>g(w)c,wnzn is 
uniformly convergent on ( w I = 1 for values of z such that Y, < 1 z 1 < R, , 
+ < rr < 1 < R, < R and g(w) is regular on ) w 1 = 1. Using Eq. (1.4) 
and the uniqueness of the Laurent expansion we can write, 
4zi-2c,c~,~, = -1 (1.5) 
valid for all n. We can write Eq. (1.5) as follows, 
c,R,f’ . cel-,,Ry’-” = -R;1/4r2. (1.6) 
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As n tends to infinity the left-hand side of (1.6) tends to zero and the right- 
hand side remains different from zero for every fixed value of R, < R # 0. 
This is a contradiction. Therefore, K(z) has to have singularities on 1 z 1 = 1. 
If the kernel has poles somewhere on the unit circle, then, in order to give 
a meaning to the integrals (1.1) and (1.2) we must take principal values at 
these poles. 
DEFINITION OF PRINCIPAL VALUE. If C is a path joining 01 and p, and if 
f(x) is regular at all points of C except at the point y, then we define the 
principal value of J,f(z) f&r as follows: 
P.V. j,f(z) dz = lim [I:‘f(z) dz + ,i(z) dz] 
where the limit is taken as y1 and yz approach y in opposite senses along C 
insuchawaythat Jy-3/i/ = Iy---aI. 
(b) A circular kernel can have only simple poles on the unit circle. This is 
due to the fact that the principal values will fail to exist if the circular kernel 
contains multiple poles. If this is the case, that is, if the circular kernel has a 
pole of order m, the following type of integral will occur in the computation 
of principal values; 
I = P.V. 
I 
dz 
1~1~~ (2 - e@)m ’ 
m = 2,3, . . . . 
Put z = eie, dz = iere de. Then, 
= J$&& 
[(ei(j3-4 _ eifi)l-Wh - (e(B+di - e&8)1-nt] 
,n1-m, 
= ~--m zy+ [k+ - l)l-m -(@xi _ l)l-rn] 
where 
o1 l-m 
= A hl+ (sin 2) [(-l)l-?ne-iolu-m)/z _ @dll-mq 
A= 
There are two cases: (i) m even number, (ii) m odd number. In either case 
the principal value does not exist. 
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1. Principal value of the integral of a function with a simple pole on the 
unit circle. 
THEOREM l.Iff( z is a function with a simple pole on 1~1 = 1 at x = exp(ij3) ) 
and residue a at that point and 
m4 = f(4 - xy&q3 
belongs to A(r, R) then 
PROOF. 
P.V. 
s lZ,~lf(x) dz = nai + 1 
F(z) dz. 
lZl==l 
P.V. 
s ,z,=lf(4 dz = P.v. j ,z,=l $$G + p-v- j,z,_lF(a) dx. 
Let x = exp(i6J) then 
P.V. er+‘“-“‘~ 
8+a 
+ j,,,_lF(x) dz 
= a ilyo log e(“-cl)i + 1 
M=l 
F(x) dx = rrai + 
s l2l=l 
F(x) dz. 
THEOREM 2. Letf(z) be a function with a simplepole on (zj = 1 at z = exp($) 
and residue a at this point and regular at all other points of r < 1 x / < R, 
O<r<l<R,the-n 
P.V. s, p dx = ;[I,,,=l-,;f(x) dx + S,.,=,+p) 4 z
for r < 1 -S, < I < 1 + 6, < R. 
PROOF. Let 
f(4 = * + F(4, 
where F(z) belongs to A(r, R), then we have 
1 
,z/=l-a f(X) dx + ; s,,,=,,, m dx = 
1 
2 I f z (s /21=1--8, 
F(z) dx 
2 
Izl=l+sz 
F(z) dz) + via 
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since 
I 
a dx 
___ = 0, 
s 
a dz -zz 
~z~+-ol x - e@ I~I=~+~, z - eiS 
27ria 
by Cauchy’s theorem of residues. But, 
since F(x) belongs to Jr, I?); therefore 
1 
5 I ,2,=1--8 f(x) dz + k I,,,=,_, f(z) dz = rai + j Q4 dx. (1.7) 1 1 I.Zl=l 
Now, by Theorem 1 we have 
P.V. s ,z,=lf(4 dx = rai + s F(x) dx. 121=1 (1.8) 
Equations (1.7) and (1.8) give 
P.V. l,.,=lf(x) dx = ;s ,,,+p dx +;s,,,_l+,af’“’ dx. 
2. THE LAURENT EXPANSIONS OF CIRCULAR KERNELS 
LEMMA 1. Letf(x) be a regularfunction in I < 1 z j < R with 0 < r < 1 < R. 
Let k(z) have the following properties; 
(i) It has only simple poles on 1 x j = 1. 
(ii) It is regular at all other points of r < 1 x / < R. 
(iii) It has Laurent expansions 
(a) k(z) = $ a,P 1 < / z j < R 
(b) k(z) = 2 b,@ r<IzI<l 
-ccl 
Let g(z) be defined by 
g(x) = P.V. f ,w,=lf@M4 dw (24 
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d-4 =;z (a, +bnbn J‘,,,_, w”f(4 dw> lzi= I. 
PROOF. From Theorem 2 it follows that 
,w,=rrfw~w dw, (2.3) 
where R, and ra are radii for which 0 < r < ra < 1 < R, < R. By 
substituting (2.1) in (2.3) we get (formally) 
We now wish to justify the term by term integration of these series. Consider 
the integral 
a,w”P f (w) dw. (2.5) 
Take the annulus 1 < R, < / w 1 < R, < R such that R, satisfies 
1 < R, < R, < R, < R. Then f(w) is regular on ( w 1 = R, , hence 
If(w)] < M on ] w 1 = R, for some M. 
From the series for k(z) we obtain a, = o(R;“) as n tends to infinity 
since Cr a,~? is convergent on 1 z 1 = R, . Similarly a, = o(R;~) as n 
tends to -co. Hence 
2 1 u,,wnzn 1 = %o(R;“)Rsn . l”, where RJR, < 1. 
0 0 
Therefore the series Cc u,znwnf(w) is absolutely convergent on R, = IwI < R, 
and a fortiori in R, < / w I < RI . Similarly 
with R,/R3 < 1. Therefore the series 2 a,znwnf(w) is obsolutely convergent 
on 11, Q 1 w 1 = R3 and a fortiori in R, < / w / < RI. Hence the series 
Cz a,@w~f(w) is absolutely and uniformly convergent in R, < I w 1 < R, . 
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The same argument can be used to prove that the series z &~?Vf(w) is 
absolutely and uniformly convergent in ri < 1 w j < rs where r < or < rs 
< ra < 1. Consequently the change in the order of summation and integration 
is justified. 
Next, sincef(x) is regular in r, < 1 z 1 < R, we have 
and (2.4) becomes 
g(4 = ‘2 2 (an + hJxn j-, ,=lfWwn dw 
w 
validon 1.~1 = 1. 
(2.6) 
In order to apply the expansion (2.6) in a similar argument it is necessary 
to prove that g(z) is regular in some annulus. We have the following result. 
LEMMA 2. The series (2.6) of Lemma 1 for g(z) converges absolutely in the 
annulus R-l < 1 z 1 < r-l, and uniformly in any closed annulus contained in 
this. The function g(z) thus defined is regular for R-l < 1 x ( < r-l and (2.6) 
is its Laurent expansion. 
PROOF. m Since f(z) is regular in T < I z I < R it has a Laurent expansion 
f(z) = C, C,P which is absolutely and uniformly convergent in the 
annulus ri < 1 z ) < R, with r < ri < 1 < RI < R. Hence 
and 
C, = o(R;“) as n-+co 
Further 
c, = o(ryy as n-+--co. 
C&J ,w,=lf (w)w-“-’ dw, n = 0, *I, f2 **- 
and therefore 
2rriC-,, = 
s ,w,=,f (w)w” dw. 
Substituting this in (2.6) we have 
g(x) = ri 2 (a, + b,)CSI,zn. 
-co 
Now consider the series 
(2.7) 
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as n tends to infinity we have 
Hence 
a A- ~ o(q), 6, = o(r,“), c-,-, ~~ O(r;). 
This will converge if r1 1 z l/R1 and r,l z /,+a are both less than one. Since 
r2 < 1 < R, , this is certainly so if ri/ z l/y2 < 1, that is 1 .z 1 < rz/rl . 
Further, we can take y1 near to r and y2 near to 1. Hence the series (2.7) is 
absolutely convergent for 1 z j < I/r and uniformly convergent in any 
smaller circle / .s 1 < T < l/r. 
Similarly, we can show that the series C> (an + b,)C-,,P is absolutely 
convergent for I ,z / > l/R and uniformly convergent for any region 
I z I > t > l/R. This proves the Lemma. 
Next, since g(z) is regular in an annulus we can apply relation (2.6) to 
the function g(z) and compute 
If reciprocity (4) is going to hold we should have 
= ; 2 (a, + b&P j, ,=1 Zrn dz 2 (a, + bdxn j w"f(w)dw 
-cc 2 -cc Id=1 
The integration of the series, term by term, is justified since the series is 
uniformly convergent on / z / = 1. 
Since 
s 
z+n+n dz = 0 if m+n#-1 
121=1 
we have 
f 
z”+” dz = 2~’ if m+n=--1 
l2l=l 
f(Z) = q z (am +bJ(a-l, + 6+,,JZm /,,,-, ~+-~f(w) dw. (2.8) -m 
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Now, since f(Z) is regular in Y < 1 2 ( < R it admits a Laurent expansion 
about z = 0 
f(Z) = 2 GJm, c, = & ~,Y/=lW-~-lf(w) dw, m = 0, &I, f2, & *** 
-0D 
that is, f(Z) can be represented as follows: 
f(Z) = & 2 Z” /,,,=, @+‘f(w> dw. (2.9) 
Since the Laurent expansion of f(Z) about Z = 0 is unique we must have 
(a, + bm)(u+, + bpl-,) = -1W. (2.10) 
Hence we have proved the following 
THEOREM 3. Letf(z) and k(z) be dejned as in Lemma 1. If 
implies 
g(z) = P.V. j- ,w,~lftww4 dw 
then 
f(z) = P-V. j-,w,=1dwW4 dw 
(a, + bl,.)(a-l-m + b+,) = -l/.rr2. 
3. CIRCULAR KERNELS WITH A SIMPLE POLE 
Suppose that K(s) has a simple pole at z = 1, residue a and no 
other singularities in r < f x 1 < R, where 0 < r < 1 < R. Then 
k(x) =a/(-l>+Cz n c z” where the series is convergent in this annulus. 
Therefore 
k(z) = -a(1 + z + z2 + *** + ..a) + $c,# = za,pF, forr < (zJ < 1. 
-co -cc 
Hence 
Also 
a, = c, - a, 71 > 0; a, = c,, n < -1. (3.1) 
k(z) = a(l/z + l/z2 + *em) + 5~~9 = 2 b#, for 1 < 1 z / < R. 
-co -co 
Hence 
b,=c,,n>O;b,=c,+a,n>--1. (3.2) 
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Hence 
a, + 6, = 2c, - a n>O 
a, i 6, = 2c, + a n < -1. 
Now (a, + &)(a-,-, + 6-r-J = -l/n2. Therefore if n > 0, 
(2c, - a)(2c-,-, + a) = -l/n2 
Letting n -+ OC, in (3.3) we have 
(3.3) 
1 
a2 =,z since c~--+O as n--t &co. 
Let a = l/q. There is no loss of generality since --K(z) is a kernel when 
R(z) is a kernel. Then (3.3) becomes, 
Put 
(2% - $(2c-,, + ;) = 2. (3.4) 
%I = l/(C + l), n 3 0. (3.5) 
Then we must have d, -+ co as n -+ co. Substituting (3.5) in (3.4) we get 
TC-~~ = l/(dn - 1). 
We have proved the following: 
THEOREM 4. If k(z) is a circular kernel with a single pole at I = 1, residue 
a and no other singularities in Y < 1 z 1 < R, 0 < r < 1 < R then 
where a = i l/r and d, -+ 00 as n + co rapidly enough to make the kzst two 
seriesconvergeforr<)z) <R,O<r<< <R,thatis, 
Examples 
1 
z = o(R-“) 
1 
or d, = o(P). 
Such results are certainly true if d, > tn for some t > 1. If d,, = CO for 
a11 n then we get the kernels 
44 = f +& t 1) . 
469 
Another kernel would be 
A very simple case would be obtained by making d, finite, d,, # f 1, for 
a finite set of values of n, and then d, = co, for n > N say. Then 
is a circular kernel provided d, # f 1 with N > 0. Take d,, = 0 and 
d, = cc for n > 0 then 
1 x3+1 
k(2) =,(z24)x* 
This turns out to be a circular kernel for functions with Laurent expansion 
on z = 1 by working out the transforms of zn. We find that if 
44 = F 1, , VJ- lfW [ wz ‘- 1 + 1 - A] dw 
then to 
f(z) = zn, (n >, 1) corresponds g(z) = iz++l 
fed = 1 corresponds g(z) = i/z 
f(z) = l/z corresponds g(z) = i 
f(z) = zn(-n > 2) corresponds g(z) = iz-+l 
and the inversion follows. 
4. CIRCULAR KERNELS WITH Two SINGULAR POINTS ON ) z 1 = 1 
Let us assume that a circular kernel k(z) has two singular points say at 
z = 1 and z = eie with residues a, ZJ, and no other singularities in r < IzI < R, 
0 < r < 1 < R. Let k(z) = u/(z - 1) + b/(z - exp(i0)) + z c# where 
the series is convergent in the annulus. 
Let 
k(z) = 2 a,~ if r<jz/<l 
-m 
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if 1 < 1 z ; <.I R. 
-cc 
Using the same argument as before we get 
Now 
a, + b, = 2c, - a - be-(“+lji@, n>O 
a, + b, = 2c, + a + be-(a+l)i@, n < -1. 
(an + b,J(a+, + b-l-,) = - 1 /rr2. 
Hence if n > 0 this gives 
(2~~ - a - bedR+l)ei)(2c-,-, + a + be”&) = -l//$4. (4.1) 
Taking the limit as n tends to infinity we get 
lim (a + be-(“+1)8i)(a + bene*) = l/n2 
n-xc (4.2) 
since c, tends to zero as n --+ &co. Equation (4.2) can be written as follows 
a + besi + ab lim (en@ + e-tn+l)‘Ji) = l/.rr2. 
n-xa (4.3) 
This will be possible only if en@ + e-fn+r)ai is independent of n. But 
enei + e-(n+i)ei = e-(e/2)f cos(n + *pa 
Then we should have 0 = 0 or 0 = n. The case 0 = 0 will not be considered 
since this gives only one singular point. Therefore we consider 8 = rr.and 
hence a2 - b2 = l/rr2. A solution could be a = (1 /rr) cash +, b = (l/m) sinh$. 
With 0 = r (4.1) will become 
4c,c..+,, - 2(a + be- (n+l)ni)~-l-n + 2c,(a + bend) = 0. (4.4) 
Put 3/N = (a - be”si)/c7b , n 2 0, Eq. (4.4) becomes 
2 + y-1-s - 3/n = 0. 
Now put d, = y% - 1 = ysld + 1 (n 3 0). Therefore for n > 0 
c = a - bernni (I + benni 
n 
&+I ’ 
C-l--n = dn _ 1 - 
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Therefore 
m 
z: 
c xn 
12 
= $4’~ - becnlri)xn 
-m 0 4 + 1 
Hence we have proved the following 
THEOREM 5. Ifk( ) x is a circular kernel with two simple poies at z = 1, 
z = -1 with residues a, b and no other singularities in Y < 1 z 1 < R, 
0 < Y < R then 
where a = (l/p) cash $, b = (l/n) sinh 4, and d,, -+ co and does so rapidly 
enough to make the last two series converge for 
r<jzI <R,O<r<l <R,thatis,l/d,=o(R+)oro(rm). 
5. CIRCULAR KERNELS WITH POLES REGULARLY DISTRIBUTED IN THE 
UNIT CIRCLE 
Question: Does there exist circular kernels with poles regularly distributed 
in the unit circle ? 
The answer is affirmative. We prove it as follows: 
Suppose that k(x) has k simple poles, say at x = exp(2+/k), p = 0, 
1 . . . k - 1, with residues -a, exp(mpi/k),p = 0, 1, . . . k - 1, respectively, and 
no other singularities in r < 1 z j < R with 0 < r < 1 < R. Then we have 
k(z) can also be represented as follows: 
k(z) = 2 Anzn, for r<jzl<l 
-m 
k(z) = 3 &P, for I cjx/cR 
-co 
(5.1) 
(5.2) 
(5.3) 
40d1nln-6 
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Using (5.1), (5.2), and (5.3) we obtain 
A, -~= c,, n < -1 (5.5) 
Bn = c, n>O (5.6) 
k-l 
L&-C apenilke-2npUfn~ilk + c n n< -1. (5.7) 
0 
If K(z) is going to be a circular kernel we must have 
(A, + &)(A-,-1 + BP,_,) = -l/n”. 
Using (5.4)-(5.7), (5.8) becomes 
(5.8) 
a~enpiike-2np(l+n)ilk 2c-l-, _ = -llr2. (5.9) 
Next, lim,,, c, = 0, since Ctm A,# converges for Y < 1 z 1 < 1 and 
Cr B,zfi converges for 1 < j z 1 < R. Similarly lirn,,-, c,, = 0. Taking 
the limit as n -+ co in (5.9) we obtain 
k-l k-l 
agaje-“(“-i)ilke-29(p-j)ni/k = l/,2. (5.10) 
Put a, = D&T. If (5.10) is going to the independent of n we have, 
k-l 
z 
Dp2 = 1 (5.11) 
0 
DpDjec(PWlk = 0 
p=o j-o 
(5.12) 
where the latter summation is considered for all values of p and j such that 
p - j = h (mod K) and for all h = *I, f2, . . . +K - 1. We shall consider 
only positive values of h since p - j = h (mod k) implies j - p = - h 
(mod K) and this is equivalent to exchanging p and j in (12). 
Putp=j+hifthedomainofjisO<j<K-h-l,p=j+h-h 
if the domain of j is K - h < j < K - 1, then (5.12) can be written as 
follows 
k-h-1 k-l 
2 DjDj+heChilk + x DjDj+h-#‘h-k’i’k = 0, 
j=O i-k--A 
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that is, 
k-$-1 DjDj+h = ‘zl D*Dj+h-k . (5.13) 
j-0 j=k-k 
Next,putp =j+h-kinthesecondsumof(5.13),thatis,j=p+K-!z, 
then p varies from p = 0 to p = h - 1. Put Q = K - h. With these sub- 
stitutions (5.13) becomes 
j=O 
where h + q = k and 1 <h<k--1, 
1 < 4 < K - 1. Therefore we have the following conditions 
9-l 
2 DjDi+h = f$ DjDj,, 
j=O j=O 
whereh+p=k,l <h<K-1,l <q<k-1 
k-l 
z 
Dp2 = 1. 
xl=0 
(5.14) 
Now the equations considered in (5.14) are not independent. There are two 
cases. 
(i) If k = 2p, the set of equations (5.14) contains an identity which 
corresponds to the case h = Q = R/2. The rest are identical in pairs. That 
is we have at most 4 K - 1 independent equations in the set (5.14). Therefore 
there are at most ik independent equations in the system determined by 
(5.14) and (5.15). 
(ii) If k = 2q + 1. The set of equations (5.14) contains (k - 1)/2 distinct 
equations. Hence the system of equations determined by (5.14) and (5.15) 
contains ik + 4 equations. 
Therefore in either case we get [Qk + $j equations for determining the k 
. . 
quantmes as al , . . . . a,-, . That is at least [$k] of these quantities are inde- 
pendent. 
Next, put 
(5.16) 
then 
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With these equations (5.9) can be written in the form 
4C,C-,_, + 2u-,-, C-l_, - 2lJ,c, = 0, (5.1) 
since U-,-,Un = -l/n” is independent of n according to Eqs. (5.10), (5.1 I), 
and (5.12). Now, put 
VT, = U-l-&z n > 0. 
Equation (5.17) becomes 
2 + v, - vel+ = 0. 
Put 
t, = v, + 1 = V-,-1 - 1 n > 0. 
Therefore for n > 0 
c, = * 
12 
and 
Hence the kernel K(x) is of the form 
Therefore we have the following: 
THEOREM 6. If k(z) is a circular kernel with simplepoles at .z = exp(2?rpiyk), 
p = 0, 1, ..I k - 1, with residues -a, exp(?rpilk), p = 0, 1, . . . k - 1, respect- 
ively and no other singularities in r < / z 1 < R, 0 < Y < 1 < R, then 
where tn -+ co as n -+ co and does so rapidly enough to make the last two series 
converge for r < 1 x 1 < R, 0 < r < 1 < R. The coeficients U,, are related 
to the residues by Eq. (5.16). 
Thus the existence of kernels with n simple poles on / z 1 = 1 has been 
demonstrated. 
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